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Abstract. We study convexity properties of solutions to the free 
Schrodinger equation with Gaussian decay. 



1. Introduction 



The main purpose of this note is to study convexity properties of two 
classes of functions. The first one is the class of functions which, to- 
gether with their Fourier transform, have Gaussian decay. The second 
class is the class of functions for which the free Schrodinger evolution 
has Gaussian decay at two different times. (We will see later that, in 
fact, the two classes coincide). As motivation for the study of these 
issues, we recall the well known "uncertainty principle" due to G. H. 
Hardy (see [9]) : 

(A) Assume n=l, f{x) = 0(6"^^") and /(O = 0{e-^^^). If 
AB > 1/4, then f = 0. Moreover, if AB = 1/4, then f{x) = ce""^^", 
for some constant c. In [8\ this result was extended to higher dimen- 
sions, with and replaced by |xp and 



As pointed out in this result has an equivalent formulation for 
the free Schrodinger equation. Thus, consider the IVP for the free 
Schrodinger equation 



Here 
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whose solution u{x,t) = e'^^^uo{x) can be written as 
u{x,t) = (e 'uo^ix) = / —-—j^uo{y)dy 

(47rzt)"/2 V (2it)"/2 ^ V2t/ 

i.e. if Q = (2it)"/^ then 

(1.1) Qe-NV^*n(x,t) = (e^HV4*^^)A(^| 



Formula f 1 1.1 1) tells us that e~*'^'^/^* t) is a multiple of a rescaled 
Fourier transform of e*'^' ^^*uo{y), thus Hardy's result can be restated 
in terms of the Schrodinger equation as: 

(A') Ifuoix) = 0(e-l^l'/^'), u{x,t) = e^'^uoix) = 0(e-l^l'/"'), t > 
and aj3 < At, then u = inW^ x [0,t]. Moreover, if a (3 = At, then u is 



the solution with initial data, uoe V^"^4tjl^l ^ some complex number 

UJ. 

We will also recall the following extension of (A) established in [S]: 

(B) Ife^^^-^^f G LP{R) and e^^l-P/ ^ L'?(R), p, q e [l,oo], with at 
least one of them finite and with A1A2 > 1/4, then f = 0, 

and the Beurling-Hormander result in [5j: 

(C) IffeL\R) and J^J^\f{x)\\m\e\-^^ dxd^ < ^, thenf = 0. 

Because of ( II. ip . (B) and (C) can be rephrased as: 

(B') Ifuo e LP(eP^'/^' dx) ande'^^-Uo E L5(e^^'/"' dx), p, q E [1, 00], 
with at least one of them finite and At > a(3, then uq = 0, 

and 

(C) If uo E L\R) and J^J^\uo{x)\\e''^'uo{y)\e\''^^/^'dxdy < 00, 
then uq = 0. 

In [3] , we obtained the following results which can be seen as variants 
of Hardy's uncertainty principle, in the context of Schrodinger equa- 
tions with lower order variable coefficients and for non-linear Schrodinger 
equations. 

(I) Let u E C([0, 1] : iJ2(R")) he a strong solution of 
(1.2) idtu + Au = Vu, 

with 

: R'^ X [0, 1] ^ C, V G L°°(M^x[0,l]), V^V E Ll{[0,l] : L'^iW)), 
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and ^ 

lim ||^||LiL-{|x|>r} = lim / sup \V{x,t)\dt = 0. 

rToo rToo Jq \x\>r 

There exists Cq = Co{n; \\u\\l-^h^; ||V^||l^^; II VxV^||LjLg°) > such that if 

(1.3) mo = m(0), ui = u{l) e H\e''\''\'dx), 
with a > Co, then u = 0. 

(II) Let ui, U2 G C{[0, 1] : i7'=(R")), k>n/2 + l be solutions of 

(1.4) idtu + Au + F{u,u) = 0, 
with 

F : ^ C, F eC\ F(0) = duF{0) = dfiF{0) = 0. 
There exists cq = co{n; ||^xi||Lj°°i/|; ||'"2||Lf //j; ll-^llc*^) > ■^f^c/i that if 

(1.5) Mi(0) - U2{0), u,{l) - U2{1) G H^e^'^'^'dx), 
with a > Co, then ui = U2- 

In (OD-dlSD we used the notation / E H^e'^^^^^dx) if /, d^J G 
{e"^^^^ dx) for j = 1, . . . , n, i.e. 




By fixing U2 = the above question relates to the persistence proper- 
ties of solutions of (11. 2p and (11.41) . i.e. if u{x, 0) = uo{x) G X (function 
space), then the solution u = u{x,t) of (II. 2p (resp. (II. 4p ) satisfies that 

u G C([0,T] : X). 

These persistence properties, as part of the standard notion of well- 
posedness, have been studied in function spaces X describing the regu- 
larity and decay of their elements. For example, they have been estab- 
lished in classical Sobolev spaces X = H^iW^), s > Sq, with sq the op- 
timal Sobolev exponent, which depends on V (resp. F), n, and T, with 
T < oo, corresponding to local solutions and T = oo corresponding to 
global ones, and in their weighted versions, X = H''^{W^) fl L'^{\x\'^dx), 
with V G C^^"*"^] (resp. F G C^^^^^), where persistence holds if s > So 
and s > k, due to the fact that Tj = Xj — 2itdx^, j = 1, .., n, commutes 
with dt — iA, (for details see [4j and references therein). In the case, 
X = H^{M."')r\L'^{\x\''dx), when k > s, persistence fails even in the free 
case, i.e. = in (11. 2p . and the extra-decay "fc — s" is transformed 
into "local regularity". 



4 



L. ESCAURIAZA, C.E. KENIG, G. PONCE, AND L. VEGA 



Note that (11.11) shows that for the free Schrodinger equation, if uq is a 
compactly supported and continuous function, then for any t eM. \ {0} 
and e > 0, m( ■ ,t) is not in L^{e''^^^dx). In this case, for t 7^ 0, u{x,t) 
has an analytic extension to C", so roughly speaking, one can say that 
the decay, which does not persist with the solution, is transformed into 
"local regularity" . 

One of the key results in [5] established that solutions of Schrodinger 
equations with variable coefficients having L^-Gaussian decay at two 
different times ti, ^2, with ti < t2, preserve this property in the time 
interval [^1,^2] with a fixed Gaussian weight (see Corollary 2.2 in [3] 
and comments after it). In this paper, we examine in detail the case of 
the free particle. We shall try to understand the possible persistence 
properties of the solutions of the free Schrodinger equation in function 
spaces with exponential decay at infinity. 

We can summarize part of the results in this work in the following 
qualitative terms: 

Theorem 1. Fotuq G §'(M") the following seven statements are equiv- 
alent: 

(i) There are two different real numbers ti andt2, such that c^^^^uq G 

LF' (^e"-M'^ dx) , for some aj > 0, j = 1,2. 
(a) uq G L^(e''il^l^(ia:) and Uq G L'^ {e^'^^^^^ dx) , for some bj > 0, 
J = 1,2. 

(Hi) There is v : [0,+oo) — > (0,+oo), such thate'^^UQ G L2(e''WI^I'rfx), 
for allt > 0. 

{iv) g(x) = e*"^'^' Uo{x), r G M, verifies (ii) with possible different 

constants 61, 62 > 0. 
(v) Uo{x+iy) is an entire function such that \uo{x+iy)\ < A^e~"'^' 

for some constants N, a, b > 0. 
(vi) Uo{^ + iri) verifies (v) with possible different constants N, a, b > 

0. 

(vii) there exist S, e > and h G L^(e'^'^' dx) such that Uq{x) = e^^h. 

Our proof of {ii) implies {Hi) in Theorem [T] will be a consequence of 
the new quantitative results in this work: some logarithmically convex 
inequalities for exponentially weighted L^-norms of solutions of the 
free Schrodinger equation. In particular, it will be a consequence of 
the following Theorem: 

Theorem 2. Let a and (3 be two positive numbers and u be the solution 
of the initial value problem 

r dtu = iAu, t > 0, X G M", 

u{x, 0) = Uq{x). 
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Assume that either of the right hand sides of (11 ■61) . ( I1.7p . fll.81) or f ll.9l) 
are finite. Then, for any A G M" and T > 

X-x X-x , , X-x , , 



;i.6) ||e"*+/3 u(t)||2 < lie /3 m(0)||7^ ||e-^+/3 u(T)||2 < t < T, 

X-x X-x 



Mt) II ^HM;;^^^^ II 



:i.7) ||e°*+/3 u(t)||2 < ||e /3 n(0)||^^'^ ||e— m(0)|| 



(1.8) 



,(at+/3)2 y 



< ||e^M(0)||f^||e(^^^Wn(T)||2''^*\ < t < T, 
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(1.9) ||e(-*+/5)' M(t)||2 < ||e^ M(0)||f ^ ||e^ u({))t~^^^ 
•where 



From (A'), (B') and (C), one has that the terms in (II. 9p vanish if 
a/3 is small enough. The same applies to (II. Sp for small values of a 
and /3 depending on T. In particular, from (B') in the \ — d case, one 
has that if 4T > f3{aT + /?), then the terms in (II. 8p are zero, and if 
4 > a/3, then the terms in (11.91) are zero. 

In Lemma [2] we study the class of functions with Gaussian decay and 
whose Fourier transform also has Gaussian decay. We show that this 
class is an algebra with respect to the pointwise product of functions 
and that it is closed under the action of the Schrodinger group. There- 
fore, it is also closed with respect to convolutions and multiplication 
by functions of the form e'"'^' , a G M. As a consequence, in Corollary 
[1], we show that if a free Schrodinger solution has Gaussian decay at 
two different times, then the data belongs to this class, i.e. (i) implies 
(ii) in Theorem [TJ 

Section [2] contains the proofs of Theorems [1] and Theorem [2l The 
proof of Theorem [2] will be based on a general abstract result given in 
Theorem [31 

Once Theorem [2] has been proved we obtain some generalizations 
and consequences of it. Corollaries [2}|3] are extensions of the estimates 
([LlD-dLni)- In Corollaries [5] and M we apply ([Il8])-([L9D to any pair 
(or any finite set) of solutions of the free Schrodinger equation. These 
estimates, which describe the interaction of two solutions, are somehow 
similar in spirit to those found in |lj, Sections 10 and 11]. Corollary 
[7| is an application of the results in Theorem 1.2 and of the Galilean 
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invariance property of the free Schrodinger equation. These extensions 
and apphcations are in section [31 

Finally, we explain and outline some extensions of the results in 
sections |2] and [3] to the variable coefficients case. These results will be 
studied in more detail in a forthcoming publication. 



2. Proof of Theorems □ and [2] 

We begin with a general abstract result. It can be used to derive 
properties of logarithmic convexity of certain L^-norms of solutions of 
different evolutions. 

Theorem 3. Let S be a symmetric operator, A be an anti- symmetric 
one, both allowed to depend on the time variable, and f{x,t) be a suit- 
able function. If 



Hit) = {fJ) = \\fit)\\l, D(t) = (§/,/), dt§ = §t, and Nit) 



m 

H{ty 



then 



(2.1) 



and 



N{t) = {§J+[§,A]f,f)/H 
1 



+ 



+ 



dj -Af+ sfwiwfwi - imf -^f+ §/, f)y /H' 



mdj -Af- §/, f)Y - \\dj -Af-§f\\i 



Nit) > {§J + [S;A]f, f)/H - -\\dj -Af- SfU\\f\\i/H' 
Proof. We have the following identities 

(2.2) Hit) = 2^{dJ, f) = ^{dj + S/, /) + ^{dj - §/, /), 

(2.3) Dit) = 3fJ(S/, /) = ^-mf + §/, /) - - §/, /)• 
Thus, multiplying (12.21) and (12.31) it follows that 

(2.4) 



Hit)Dit) = ^imf + §/, /))' - Imdtf - §/, /))'. 



Adding an antisymmetric operator does not change the real part, 
and so 

Hit)Dit) = ^i^f -Af + §/, f))' - ^imf - ^/ - §/, /))'• 
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Differentiating D{t) 

D{t) = {SJJ) + {SdJJ) + {Sf,dJ) 
= {SJJ) + 2?fi{dJ,Sf) 
= {§tf + [§, A]f, f) + 2^{dJ - Af, S/), 
combined witli tlie polarization identity give 

(2.5) D{t) = {SJ^§,A]fJ)+^\\dJ-Af+§f\\l-^\\dtf-Af-§f\\l. 

The identity ([211]) follows from ([23D and fl^ . 
Note for future use that 

H{t) = 2^{dtf - §/ - Af, f) + 2D{t), 

so if dtf -Sf -Af = 0, one also has that H{t) = 2D{t). □ 

Remark 1. The abstract identity in Theorem [3] shows in disguise the 
"frequency function" or '^monotonicity argumenf linked to the Carle- 
man inequality 

\\dtf-Af\\l+\ml<\\dtf-Sf-Af\\l. 

The antisymmetric and symmetric parts of df — S—A, as a space-time 
operator, are respectively dt—A and — S. Its commutator, [— S, dt — A], 
is §t + [S, -A]. Thus, 



\dtf-Sf-Af\\l=\\dtf-Af\\l + \\Sff-2Re J J SfdJ-Afdxdt 
= m - AfWl + WSfWl + [[ [-§, dt - A]fjdxdt 



=\\dtf - AfWl + \\§f\\l + jj {§tf + [§,A]f)fdxdt , 

and the Carleman inequality holds, when Sj + [S, 71] is non-negative. 
Theorem [3] shows that H{t) is logarithmically convex, when §t + [S,A] 
is non-negative, dtf — S/ — Af = 0, and provided that the calculations 
and integrations by parts carried out in the application of Theorem [3] 
to a particular case can be justified. 

We apply Theorem [3] in our proof of Theorem [21 and in order to 
justify the finiteness of the quantities involved, integrations by parts or 
calculations involved in this application of Theorem [31 we use Lemma 
[I][9l pp.130]: 

Lemma 1. Let f be an entire function such that 

(2.6) |/(x + zi/)| < iVe-'^l^l'+^l2/P^ withN,a,b>0, Vx, y G M". 



8 L. ESCAURIAZA, C.E. KENIG, G. PONCE, AND L. VEGA 

Then, f is an entire function and 

+ iv)\< AT'e-^'l^l'+^'l'?!', Ve, r/ e M" 
for some positive constants N' , a' and h' . 
Proof of Theorem We apply Theorem [3] with 

(2.7) /(x, t) = e^u{x, t), AG R". 

When the initial data to the free Schrodinger equation verifies that 
the right hand side of (11.91) is finite, Uq is in H°°{W^) and u is in 
C°°(M : iJ°°(]R")). Also, Uq extends to the complex-space C" as an 
analytic function, and there are positive constants N, a and b, such 
that 

\uo{^ + 'iV)\< A^e-'^l^l'+^l"!' for all ^, G . 

When T is positive, f{z) = e^Uo{z), verifies the conditions in 

Lemma [1] and u{T) is essentially the Fourier transform of e^T^UQ{y). 
Thus, 



||e'^'l^l^«(T)|h 

is finite for some positive number a'. Corollary 2.2 in ^ shows that, 

sup ||e''"l^l\(t)||2 < +00, 

0<t<T 

for some new a" , which might depend on a and b. The formula (II. ip 
shows that the same occurs, when the right hand side of (II. 8p is finite. 
Moreover, the same holds, in both cases, for all the derivatives of u. 
Once this has been settled, our choice of / in (12. 7p shows that 

dtf = §f + Af, 

where 

S = — A-x, A = i{A+ 



at + (3 {at + (3y ' ' {at + (3^ 

and if 

H{t)= / \f{x,t)\^dx= / e^\u{x,t)\'^dx, 
The last comment in the poof of Theorem [3] shows that 

dt\ogH{t) = 2N{t)=2^^^ 

rl 
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and 

a?logi/(() = 2N(t) > 2{S,f + [S-,A]f,f)/H 

- at + (3 H at + (3 ^ ^ ' 

In particular, (12. 8p implies that the function 

G{t) = H{tf'+^, 0<t<T, 
is logarithmically convex. Thus, 

Git) < G(0)(^-*)/^ G{rf^, < t < T, 
and consequently 

(2.9) Hit) < if(0)'^('^"*)/^("*+'^) if(T)*("^+^^/'^(°*+^\ 

which yields (11.61) . 

To prove (11.71) we recall the formulae 



(2.10) 



u{x,t) = (27r)-"/2 / e"-«-'*l«l ?2o(O^^C 
= (47rit)""/^ / e~^'^^Uo{y)dy. 



Thus 



and so 



(2.11) 



(-zt)-"/2e-^M 



X 1 
I't 

{Anit) 



-n/2 



Hence, using the -^-conformal or Appel transformation we define 

(2.12) I;(x,t) = (-zt)-"/V^n(^^,l), 

and see from (12. 101) - (12. 11 1) that f (x, t) is the solution of the initial value 
problem 



(2.13) 



dtv = iAv, t > 0, a; G R", 
v{x,0) = 2-"/2^(x/2). 
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Assume now that < t < 1. From (11.61) . with T = 1, it follows that 

/3(l-t) ^ (a + /3)t 

(2.14) ||e^u(t)||2 < ||e^M(0)||2'^'+'^ ||e^M(l)||2"*-''' . 

Interchanging the role of a and (5 in (II. 6p and applying it with T = 
1/t > 1 to f(x, t), the solution of (I2.13p . one gets 

(/3+«t) 



(2.15) ||e'5+^t;(l)||2 < 116—^(0)112"+" 116^^^(1/^)112"^" 



Since from (12.121) 



||e/3+<^t;(l)||2 = ||e'3+«M(l)||2, 

and 

(2.16) ||e/5^w(l/t)||2 = ||e^M(t)||2, 

combining (I2.15p - (l2.16p and the value of v at the initial time, we get 



(2.17) ||e^M(l)||2 < ||e~u(0)||2°+'' ||e^M 

From (I2.14p . and (I2.17p . and the fact that ||e^t+^M(t)||2 is finite, we 
get 



(2.18) ||e^M(t)||2 < ||e~M(0)||2"'+nie~?^(0)|| 



2 ' 



which gives (11.71) . 

To prove (11.90 we square both sides of (I2.18p . multiply them by 
g-l-*^! integrate with respect to A G M", and use the identity 

(2.19) / e~-~ dX = {2-KY''^e^ , 7 G M, 
to obtain in the left hand side 

,, A ;r „ /" f |A|^ 2A -g; „ 

e 2 ||e"*+''u(t)||2(iA = 11^^ e'^*^+i^\u{x,t)\ dxdX 

(2.20) = / (/ e^"^ (iA)|M(x,t)prfx 
= (27r)"/M e(^^^^|M(x,t)|2rfx, 
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and on the right hand side a combination of a similar argument to that 

13 ^ y at 



in (12:20|) with Holder inequahty, p = p' = ^ leads to 



^ [j j e~^^^\u{x,0)\^dxdX^ 
(2.21) . y"e-^+^|M(e,0)|2dedA] 
= (27r)"/2(' f e^\u{x,0)\^dx\ 



2/3 
at+l3 



at 



Therefore, fl2:20D and (K2T\i yield ffLOD . 

Finally, to obtain (11. 8p we reapply the argument used to get (12.201) - 
(I22ID but starting with ^Ml instead of ([LTD. □ 

Next, we introduce some notation: for / G S'(R"'), p, q E [I5O0], 
and Ai, ^2 > we will write 

/ = Op,,(A; A2) if e e^^H^e ^^^(m"), with Mp,,(/) = 

In the case p = q we shall write Op instead of Op^p. 

In this context. Hardy's result mentioned in the introduction and its 
extension to higher dimension found in [8] tells us that if Moo,oo(/) > 
1/4, then / = 0. Also a result in [2] affirms that in the 1-d case if 
Mp^g{f) > 1/4, for any p, q & [1; 00] with at least one of them finite, 
then / = 0. 

Lemma 2. // /, g, h E §'(M") are such that f = Op^g{Ai; A2), g = 
Or,q{Bi; B2) and h = 02{Ci;C2), with p,q,r E [1,00] and l/p+l/r = 
l/l, then 

(a) f = 0g,p{A2;A,). 

(b) fg = Oi,,{A, + B,; ^2^2/(^2 + B2)) and 

(c) g*f = 0,,KAi5i/(Ai + B,y,A2 + B2). 

(d) e^'^h = 02{CiC2/{C2 + At^/C^ + 4t^Ci); C2), when t > 0. 

(e) e-'-\-\'h = 02(02; Oi02/iOi+Ar./C;C~2 + AT^02)), whenT> 0. 
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Proof. Part (a) is immediate. To obtain (b) we need the following 
calculation: for /i, z/ > 

(2.22) Jr" Jr" 

Then, taking c = A^B^j {^A2^B'2) ^ and combining (12.221) and Holder's 
inequality we get 

||e'=l"l'/*^||, = lle^l'l^y e^2l"-2'l'/(x - i/)e^2l^l'^(i/)e-^2l"-J^I'e-^2l^l'rfi/||, 

which proves (b). 

A combination of (a) and (b) yields (c). Part (d) follows from The- 
orem [2] estimate (11.91) . Finally, (e) follows by combining (a), (d) and 
the formula 

□ 

Remark 2. Parts (d) and (e) in Lemma [2] still hold with t, r G R resp. 
by replacing t and r on their right hand side by |t| and |r| resp. 

Remark 3. The Lemma suggests to consider the class of funtions 
verifying (12.61) as a space of test functions for more general distributions 
than the tempered ones. This issue will be studied elsewhere. 

Corollary 1. Let uq e §'(K")- If 

e^*^^MoGL2(e2^^l"l'da;), j = l,2, h ^ t2, /xi, /i2 > 0, 

then 

Uq G 02(^1; A2), for some Ai, A2 > 0. 

Proof. Using part (d) in Lemma [2] and Remark [2] we can assume ti = 
0, t2 = s > 0. Thus, 

(2.23) / = Mo e ^^(e^^il'l'dx), and e'^^/ G ^^(e^^^l'l'dx). 
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But 



= {Airis) "/^e 4= / e -^"^ e 4= f{y)dy. 

Therefore, 



-i\x[ 



(2.24) e-^e''^f{x) = {Amsy/^ e-rr f{x/s). 

From fl2:23|) - fl2:2D it follows that 

i|.|2 

In particular, f = 02(/Ui; 4s^/i2), and from Lemma El part (e) and 
the Remark [2], it follows that 

Uo = f = 02(4s /i2; 



which yields the desired result. □ 

Proof of TheoremUi The part (i) implies (ii) is Corollary [H That (ii) 
implies {Hi) is in Theorem [21 (11.91) . (iii) implies (i) is immediate. 
Lemma [2] part (e) shows that (i) and (iv) are equivalent. Lemma [1] 
affirms that (t;) and (vi) are equivalent and that each one implies (ii). 
The fact that (i) implies (vi) follows from the following result (see [9], 
page 130): 

Suppose that f{x + iy) defined in C" is an entire function such that 
f{z) = 0(e'^^'^' ) for some ci > with f{x) = 0(e~'^^'^' ) for some 
02 > 0. Then \ f{x + iy) \ = 0(e-'^l^l'+''l^l') for some a,b>0. 

(vii) implies (ii) is immediate using Lemma [2] part (b) . To see that 
{ii) implies {vii) define 

h{0 = e'\^\'uo{0 e L\R^) n L°^(M"), 6 G (0, 62), 

So we just need to show that h G L'^ {e"^^^^ dx) for some e > 0. Using 
that {ii) implies {vi) it follows that 

\h{^ + iv)\ = |e^(«+''')-(«+''')Mo(e + iv)\< Are(-"+'^)l«l'+^il''l', a, b, > 0. 

Hence, taking 6 < a and using that {v) and (f z) are equivalent we get 
that h G L^(e^'^' (ix) for some e > which completes the proof. □ 
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3. Further results. Generalizations and Applications 

3.1. Some other convex weights. We return to Theorem [H and 
its proof given in section [2l From the arguments used in flLSp -f flTQl) 
and (I2.20p - fl2.2ip . it is clear that similar estimates hold with different 
coefficients multiplying the Gaussian weight in each variable. More 
precisely, we have the following result: 

Corollary 2. Using the same hypotheses and notation that in Theorem 
[B Given 7 = (71, . . . , 7^) e [0, cxo)" (using summation convention over 
multiple indices) one has that 

.2 2 .2 

\\eT^u{t)\\2 < ||e^M(0)||f ^ \\e^^^ u{T)\\l-'^^'\ 

for any <t <T, and 

\\el^u{t)\\2 < ||e^M(0)||^^*^ l|e^u(0)||2"^^*\ 
when t > 0. 

Next, we shall extend Theorem [2] to the case where we replace the 
quadratic powers in the exponents in fll.8p - fll.9l) with possibly different 
powers in each component. 

Corollary 3. Using the same hypotheses and notation that in Theorem 

1.2. Given p = {pi, ..,Pn) € (1, 2]" and 7 = (71, . . . , 7^) G [0, 00)" there 
exists c = c{p) > such that 



m 

2 ? 



(3.1) lle^^l^l \{t)\\2 < c lle^^l^l \{0)\\f^ \\e^A7^\ \{T)\\l 
for < t < T , and 

(3.2) \\e^^\^\'\{t)\\2 < c \\e^^\T\'\{0)\\f^ \\e'''\''^\'' u{0)\\l'^^'\ 
fort > 0. 

Proof. First, we notice that instead of the identity (12. 190 one has the 
following asymptotic formula (see [9] Proposition 2, pp. 323): in the 
one dimensional case 

/ e ^^|a| 2 dX = e p ( {2n) y'p — 1 + O ( |a;| 2 

when 1 < p < 00, |x| > 1 and 1/p + 1/p' = 1. In particular, there is 
c = c(p) such that 



(3.3) c e p < e p' \X\ ^ dX < ce p . 
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when X is in M. Thus, to obtain fl3.ip - fl3.2p . one just follows the ar- 
gument provided in the proof of Theorem [2] to obtain fll.Sp and (11.90 
respectively, but using instead of the identity (12.190 . the inequality 
(13.30 . when n = 1 and (13. 4p . when n > 2: 

(3.4) c e p < e 2 dX<ce p , 



when 1 < p < 00 and |x| > 1. □ 

Corollary 4. With the same hypotheses and notation as in Theorem 
Given any p G (1, 2], there is c = c{p) > 0, such that 

||el^rM(t)||2 < c ||eltrM(0)||f ) \\e\^\\{T)\\l-''^'\ 
for < t < T , and 

\\e\^W{t)\\2 < c \\e\^\\{0)\\f^ \\e\'^\'u{0)\\l-^^'\ 

fort> 0. 

Note that we have stated these results for 1 < p < 2 since Hardy's 
uncertainty principle shows that for p > 2 all the functions are 0. 



3.2. Products of solutions. Next, we shall apply in Corollary [5] the 
logarithmically convex inequalities to a pair of solutions c^^^Uq and 
e**^Vo: starting with the inequality (II. 6p or (11.70 for each of these 
solutions, multiplying the squares of their left hand sides and their 
right ones respectively, and following the argument in (I2.19p . (I2.2O0 
and (I2.2ip . we obtain some estimates concerning the interaction of two 
solutions of the free Schrodinger equation. 

Corollary 5. Under the same hypotheses and notation that in Theorem 
Hi the following inequalities hold 



X-(x — y) 

(3.5) ||e -'+'3 e 



My)\\L^M:: 



< \\e f uo{x}vo 



m 

L2(i 



2n \ 
x,yj 



iTA 



iTA„ 



n ) 



i~e(t) 



7 „iiA„ 



(3.6) ||e('^«+«^e"~Mo(,x) e 



VQ{y)\\L\m.l^y) 



< \\e i^'^ uo{x) vo 



m 

L'ml^y) 



\e^^^^e'^^Uo{x)e'^\o 



i-e{t) 
LWi"y)' 
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for < t < T , and 



< II e^^Mo(a;) vq (y) ||^2*(r2„ ) We^^MO Mv) II ^2(^21 ) , 



fort > 0. 



Remark 4. The interaction inequalities fl3.5p - fl3.6l) show that the at+jS 
power of their left hand sides are logarithmically convex functions in 
[0,T]. 

Also observe that appropriate versions of these inequalities can be 
deduced for any finite set of solutions of the free Schrodinger equation. 

In Corollary El we show that the "logarithmic convexity" behind the 
interaction inequalities in Corollary O implies interaction Morawetz 
inequalities for the free particles in the same spirit as the interaction 
inequalities in [H Sections 10 and 11]. 

Corollary 6. Under the same hypotheses and notation than in Corol- 
lary the function of t 

|||x-?/|e**^Mo(a;) e'*^t;o(l/)|li2(K2n) 

is convex in M. 

Proof. For 7 > 0, choose a = and /? = , /- in (13. 6p . It shows that 



||eil^-^l^e^*^no(x)e^*^.;o(l/)|li2(i,2„) 
is logarithmically convex in [0,T]. This and the fact that 

\\e'*^uo{x) e''^vo{y)\\LHR2^^), 
is constant, given that 

(3.7) f ~ ^ e'^'^uoix) e^'^'voiy)]' dxdy 

A t\ f e^l^-s'l' -1, , , . m2 , , 
< 1 - - / \uo{x)vo{y)\ dxdy 

+ U ''^^~'^^~\ e^''^Uoix)e^^^Voiy)\'dxdy, 



T iR2n 7 
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when < t < T. The corollary follows from fl3.7p . after letting 7 tend 
to zero. □ 

Remark 5. Corollary [6] follows from (13.61) because the constant in 
front of the right hand side of the inequality is precisely equal to 1. 
Similar arguments show that 

II \x - y| te'*^Mo(x) e''^v^{y) ||i2(K2n ) 

is convex, when > 3 and 1 < a < 2. In [T] the authors proved a 
similar result, when = fo, also in the non-linear setting. 

3.3. Galilean invar iance. The following result, which is a conse- 
quence of Theorem [2] and the Galilean invariant property of the free 
Schrodinger group, describes the time evolution of the location of the 
"mass" of a Gaussian decaying solution. 

Corollary 7. Using the same hypotheses and notation that in Theorem 
H For any u eW 

(3.8) \\eT^^u{t)\\2< ||e^M(0)||f)||e(^^^WM(T)||2~^^*\ 
when < t < T , and 

(3.9) ||e(^M(t)||2 < \\e^uiO)\\f^\\e^^uiO)\\l'''^'\ 
when t > 0. 

Proof. We recall the Galilean invariance of the free Schrodinger group 
u,{x,t) =e'''^{e"'-uo{-)){x) = e-'l"l'*e'"-"(e'*^Mo)(x - 2tz/) 
=e-*l"lV'^-"Mo(x-2tz/,t). 
Thus combining (13.101) . the identity 

and the inequalities (ll.8p - (ll.9l) in Theorem [2l we obtain (13. Sp and (13. 9p . 

□ 

3.4. Final remarks. Next, we recall the following result established 
in [7], which is one of the main estimates in that paper : 

Lemma 3. There exists e > such that if 

(3.11) V -.W x[0,T]^C, with ||r||iiL-<e, 

and u e C([0,T] : ^^(R")) is a strong solution of the IVP 

r dtu = liA + V(x, t))u + Fix, t), 

\ u{x, 0) = uo{x). 
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with 

(3.13) uo, UT = u{- ,T) e L\e^^-''dx), F e L\[0,T] : Ll{e^^-''dx)), 

for some A G M, then there exists c independent of A such that 
(3.14) 

sup ||e^-"u(-,t)||2 < cf||e^-"Mo||2+||e^-"?^T||2+ /" ||e^-"F(-, t)||2rft) . □ 

0<t<T ^ Jo ^ 

Notice that in the above result one assumes the existence of a refer- 
ence L^-solution u of the equation fl3.12p and then, under the hypothe- 
ses f l3.1ip and 03.131) . shows that the exponential decay in the time 
interval [0,T] is preserved. From the arguments used in fl2.19l) - fl2.2ip . 
it follows that the inequality fl3.14p holds with Gaussian weights, i.e. 
with 7|a;p, 7 > instead of A ■ x in the exponent. 

In a forthcoming work on Schrodinger equations with variable coeffi- 
cients, among other results, we shall extend those in Lemma [3] to a class 
of potentials V without smallness assumptions, and give suitable den- 
sity arguments to justify the manipulations, integrations by parts and 
calculations, which arise at the time of trying to derive, in this more 
general context, both the preservation and the logarithmic convexity 
of the L^(e^''''^' dx)-ia.orm, 7 > 0, of the corresponding solutions. 
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